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§1. The de Rham Complex on R
n

1. R
n ˛ de Rham E/
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de Rham ˛”N¥6/"Å%áá©”%ÿC˛.

˘gëƒk3 R
n ˛$¬ de Rham ˛”NøOéAá~f; "X3 R

n ˛$¬;

˛”N; Å$£¡ò&Üá©E/k'"Vg, XE/"·&‹S", ˛”N"!&
‹S", ±9Î"”#.

• R
n " de Rham ˛”N

• ;˛”N

• á©E/
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R
n ! de Rham ˛”N

' R
n ¥ n ëÓºòm, x1, . . . , xn ¥Ÿ˛Ç5ãI. 3gC˛"á© dx1, . . . , dxn

Ém⁄\Œ“ ^, ß˜v:

dxi ^ dxi = 0,

dxi ^ dxj = �dxj ^ dxi, i 6= j.

$¬¢ï˛òm

⌦⇤ = SpanR{1, dxi, dxi ^ dxj, dxi ^ dxj ^ dxk, . . . , dx1 ^ · · · ^ dxn}.
i < j i < j < k

ß"ëÍ¥ C0
n + C1

n + · · ·+ Cn
n = 2n. w, ⌦⇤ kÜ⁄©)

⌦⇤ =
nL

q=0
⌦q,

Ÿ•

⌦q = SpanR{dxi1 ^ dxi2 ^ · · · ^ dxiq | 1  i1 < i2 < · · · < iq  n}.
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$¬‹˛»:

⌦⇤(Rn) = C1(Rn)
N

R

⌦⇤;

⌦q(Rn) = C1(Rn)
N

R

⌦q.

ÉAu ⌦⇤ "Ü⁄©), #ÇkÜ⁄©)

⌦⇤(Rn) =
nL

q=0
⌦q(Rn).

⌦⇤(Rn) "&°è R
n ˛1wá©/™, ⌦q(Rn) "&°è1w q–/™.

˘(, år ! 2 ⌦⇤(Rn) U.©)è

! =
nX

q=0
!q, !q 2 ⌦q(Rn),

Ÿ• !q ¥ R
n ˛ q–/™, ßåçòL´è

!q =
X

i1<···<iq

fi1···iqdxi1 ^ · · · ^ dxiq =
X

I:i1<···<iq

fIdxI.
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~~~. ' ! è R
n ˛òá1w 2–/™,

! =h12(x)dx1 ^ dx2 + h21(x)dx2 ^ dx1

=(h12(x)� h21(x))dx1 ^ dx2.

§± f12(x) = h12(x)� h21(x), #ÈŸ{" i < j, fij(x) = 0. ⇤

$$$¬¬¬. '

⌧ =
X

I:i1<···<ip

fIdxI 2 ⌦p(Rn), ! =
X

J:j1<···<jq

gJdxJ 2 ⌦q(Rn).

$¬ ⌧ Ü ! "&» ⌧ ^ ! 2 ⌦p+q(Rn) è

⌧ ^ ! =
X

I,J

fIgJdxI ^ dxJ =
X

K:k1<···<kp+q

hKdxK. ⇤

÷÷÷øøøˆ̂̂SSS 1. ^ fI Ü gJ L´ hK. ⇤

÷÷÷øøøˆ̂̂SSS 2. y# ⌧ ^ ! = (�1)pq! ^ ⌧ . ⇤
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$$$¬¬¬. &á©éf

d : ⌦q(Rn) ! ⌦q+1(Rn)

$¬Xe.

(a) e f 2 ⌦0(Rn) = C1(Rn), K

df =
nX

i=1

@f

@xi
dxi.

(b) e ! =
P

I fIdxI, K

d! =
X

I

dfI ^ dxI =
X

i,I

@fI
@xi

dxi ^ dxI. ⇤

$$$KKK 1.3. e ⌧ 2 ⌦p(Rn), K

d(⌧ ^ !) = d⌧ ^ ! + (�1)p⌧ ^ d!. ⇤

$$$KKK 1.4. d2 = 0. ⇤

÷÷÷øøøˆ̂̂SSS 3. y#˛„¸á$K. ⇤
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du d2 = 0, {⌦⇤(Rn), d} /§òáE/:

⌦0(Rn) d�! · · · d�! ⌦q�1(Rn) d�! ⌦q(Rn) d�! ⌦q+1(Rn) d�! · · · d�! ⌦n(Rn).

ß°è R
n ˛ de Rham E/. Xk7á, È q < 0 ' q > n V\ ⌦q(Rn) = 0.

$¬

Zq(Rn) = {! 2 ⌦q(Rn) | d! = 0},

Ÿ&°è4" (closed) q–/™. $¬

Bq(Rn) = {d⌧ | ⌧ 2 ⌦q�1(Rn)},

Ÿ&°èT'" (exact) q–/™. AO/,

Zn(Rn) = ⌦n(Rn), B0(Rn) = 0.
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œè d2 = 0, §±

Bq(Rn) ⇢ Zq(Rn).

$$$¬¬¬. R
n "1 q á de Rham ˛”N¥ï˛òm

Hq
dR(R

n) =
Zq(Rn)

Bq(Rn)
. ⇤

3ÿóu⁄Â‹¬û, œ~¤&eI dR #Pä Hq(Rn).

4 q–/™ ! "˛”NaPè [!]. l

[!1] = [!2] 2 Hq(Rn)

å÷—

d!1 = d!2 = 0, Ö

!1 � !2 = d⌧ È,á ⌧ 2 ⌦q�1(Rn).
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The complex ⌦⇤(Rn) together with the di↵erential operator d is called the de Rham

complex on R
n. The kernel of d are the closed forms and the image of d, the exact

forms. The de Rham complex may be viewed as a God-given set of di↵erential equations,

whose solutions are the closed forms. For instance, finding a closed 1-form fdx+gdy on

R
2 is tantamount to solving the di↵erential equation @g/@x�@f/@y = 0. By Proposition

1.4 the exact forms are automatically closed; these are the trivial or “uninteresting”

solutions. A measure of the size of the space of “interesting” solutions is the definition

of the de Rham cohomology.
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”n, È R
n "m8 U å$¬

⌦⇤(U) = C1(U)
N

R

⌦⇤ =
nL

q=0
⌦q(U),

^, d,

Zq(U) = {! 2 ⌦q(U) | d! = 0},
Bq(U) = {! = d⌧ | ⌧ 2 ⌦q�1(U)},

Hq
dR(U) =

Zq(U)

Bq(U)
.
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~~~ 1.5. Hq(Rn).

(a) n = 0. œè ⌦0(R0) = R, ÖÈ q 6= 0, ⌦q(R0) = 0, §±

Hq(R0) =

(
R q = 0,
0 q 6= 0.

(b) n = 1. ƒk, œè Z0(R1) = {R1˛~äºÍ} ' R, B0(R1) = 0, §±

H0(R1) = R.

Ÿg, È?ø" ! = g(x)dx, -

f(x) =
Z x

0
g(t)dt.

K df(x) = g(x)dx. œd B1(R1) = ⌦1(R1). %ƒ+ Z1(R1) = ⌦1(R1), #Ç
k

H1(R1) = 0.
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(c) ' U ¥ R
1 ˛ m ápÿÉ%"m´m"ø. K

Hq(U) =

(
R
m q = 0

0 q > 0.

(d) òÑ/k±e" Poincaré ⁄n.

Hq(Rn) =

(
R q = 0
0 q 6= 0.

ß"y#¨3±$â—. ⇤

ˆ̂̂SSS 1.7. ' P, Q ¥ R
2 •¸:. Oé H⇤(R2 � P �Q) ø¶L´˛”Na"4

/™. ⇤
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;˛”N

' X ¥ˇ¿òm, f 2 C0(X). $¬ f "|†8 (support, ±e{°|8) è4
8

Supp f = {x 2 X | f(x) 6= 0}.

X ˛k;|8"ÎYºÍ"(NPè

C0
c (X) = {f 2 C0(X) | Supp f ¥;8}.

XJ M ¥1w6/, K M ˛k;|8"1wºÍ"(NPè

C1
c (M) = C0

c (M) \ C1(M).
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P

⌦⇤
c(R

n) = C1
c (Rn)

N

R

⌦⇤,

ß¥ R
n ˛‰k;|8"1w/™"(N. åÚßU.©)è

⌦⇤
c(R

n) =
nL

q=0
⌦q

c(Rn),

Ÿ• ⌦q
c(Rn) ¥ R

n ˛‰k;|8"1w q–/™"(N.

' ! 2 ⌦q
c(Rn). ßåL´è

! =
X

I:i1<···<iq

fIdxI, Ÿ• fI 2 C1
c (Rn).

œè Supp @fI
@xi

⇢ SuppfI, øÖœè;8"4f8¥;8, §± @fI
@xi

2 C1
c (Rn). u

¥ d! 2 ⌦q+1
c (Rn). ˘“¥`, {⌦⇤

c(R
n), d} ¥òáE/, °è R

n ˛‰k;|8

" de Rham E/.
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$¬

Zq
c(R

n) = {! 2 ⌦q
c(R

n) | d! = 0};
Bq
c(R

n) = {d⌧ | ⌧ 2 ⌦q�1
c (Rn)};

Hq
c(R

n) =
Zq
c(Rn)

Bq
c(Rn)

.

Hq
c(Rn) °è R

n "1 q á‰k;|8"˛”N, {°1 q á;˛”N.

ä‚$¬,

Zq
c(R

n) = ⌦q
c(R

n) \ Zq(Rn);

-¥.™

Bq
c(R

n) = Bq(Rn) \⌦q
c(R

n)

òÑÿ§·.
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~~~ 1.6. Hq
c(Rn).

(a) n = 0.

Hq
c(R

0) =

(
R q = 0
0 q 6= 0.

(b) n = 1.

Hq
c(R

1) =

(
R q = 1
0 q 6= 1.

yyy. œè Z0
c (R

1) = 0, §± H0
c (R

1) = 0.

è)Oé H1
c (R

1), %ƒN,
Z

R1
: ⌦1

c (R
1) ! R.

w,˘áN,¥˜,, œèo)3 f(x) 2 C1
c (R1) ¶/

R
R1 f(x)dx = 1.
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áy ker
R
R1 = B1

c (R
1). ky B1

c (R
1) ⇢ ker

R
R1. e df 2 B1

c (R
1), K Supp f

¥;", 'ßù*u [a, b]. §±
Z

R1
df =

Z

R1
f 0(x)dx = f(b)� f(a) = 0,

= df 2 ker
R
R1.

2y ker
R
R1 ⇢ B1

c (R
1). ' g(x)dx 2 ⌦1

c (R
1) Ö

R
R1 g(x)dx = 0. -

f(x) =
Z x

�1
g(t)dt.

K f(x) 2 C1
c (R1) Ö df(x) = g(x)dx.

n˛§„, k&‹S"

0 �! ⌦0
c (R

1) d�! ⌦1
c (R

1)

R
R1��! R �! 0.

u¥

H1
c (R

1) =
Z1
c (R

1)

B1
c (R1)

=
⌦1

c (R
1)

ker
R
R1

' R. ⇤
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(c) ÈòÑ" n, k±e'u;˛”N" Poincaré ⁄n.

Hq
c(R

n) =

(
R q = n
0 q 6= n.

ß"y#¨3±$â—. ⇤

R
n ¥å†òm, =ßÜò:”‘.d. ˛~L#;˛”Nÿ¥”‘ÿC˛.

È R
n "mf8 U , å”($¬ß";˛”N H⇤

c (U).
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á©E/

ï˛òm"Ü⁄ C =
L

q2ZCq °èá©E/e)3”# d : C ! C ¶/

d : Cq ! Cq+1, d2 = 0.

E/ {C, d} "˛”N¥ï˛òm"Ü⁄

H(C) =
L

q2Z
Hq(C),

Ÿ• Hq(C) ¥1 q á˛”N:

Hq(C) =
ker d \ Cq

im d \ Cq
.
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$$$¬¬¬. ' {A, dA}, {B, dB} ¥E/. eÈzá q 2 Z, )3”# fq : Aq ! Bq ¶/

fq+1 � dA = dB � fq,

=„L

Aq dA��! Aq+1

fq

???y

???yfq+1

Bq ��!
dB

Bq+1

å%Ü, K°¸áE/Ém"N, f : A ! B ¥ÛN,. ⇤

e f : A ! B ¥ÛN,, K)3p0”#

f⇤q : Hq(A) ! Hq(B), f⇤q ([a]) = [fq(a)].
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$$$¬¬¬. ' {A, dA}, {B, dB}, {C, dC} ¥E/, f : A ! B, g : B ! C ¥ÛN,,
ÖÈzá q 2 Z, S"

0 �! Aq
fq�! Bq

gq�! Cq �! 0

¥&‹". K°S"

0 �! A
f�! B

g�! C �! 0

¥E/"·&‹S". ⇤

â$E/"·&‹S"

0 �! A
f�! B

g�! C �! 0,

)3˛”N"!&‹S"

· · · �! Hq(A)
f⇤q�! Hq(B)

g⇤q�! Hq(C) d⇤�! Hq+1(A) �! · · ·
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£¡Î"”# d⇤ : Hq(C) ! Hq+1(A) "$¬. ^„Jl

0 �! Aq+2 fq+2���! Bq+2 gq+2���! Cq+2 �! 0x???d
x???d

x???d

0 �! Aq+1 fq+1���!
(3)

Bq+1 gq+1���! Cq+1 �! 0
x???d d

x???(2)
x???d

0 �! Aq fq�! Bq gq��!
(1)

Cq �! 0

' [c] 2 Hq(C), = c 2 Cq, dc = 0. œè gq ¥˜,, §±)3 b 2 Bq ¶/

gq(b) = c. œè gq+1(db) = dgq(b) = dc = 0 Ö im fq+1 = ker gq+1, §±)
3 a 2 Aq+1 ¶/ fq+1(a) = db. qœè fq+2(da) = dfq+1(a) = d2b = 0 Ö
fq+2 ¥¸,, §± da = 0, [a] 2 Hq+1(A). $¬

d⇤([c]) = [a].

÷÷÷øøøˆ̂̂SSS 4. y# d⇤ ¥$¬–", =Ü˛„" c, b, a "¿)''. ⇤
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äí:

1. ÷øˆS 1.

2. ÷øˆS 2.

3. ÷øˆS 3.

4. ˆS 1.7.

5. ÷øˆS 4.

6. Consider the di↵erential 1-form ! = xdy � ydx + dz in R
3 with coor-

dinates (x, y, z). Prove that f! is not closed for any nowhere zero
function f : R3 ! R. £2018 c£mÏN1 3 K§

7. Let {ei}i=1,...,n be a basis of a vector space V . Denote by {!i}i=1,...,n

the dual basis of {ei}i=1,...,n. Show that the set

{!i1 ^ · · · ^ !ir | 1  i1 < i2 < · · · < ir  n}

is a basis of ⇤rV ⇤, where r is a positive integer and r  n. £2017 c
£mÏNm1 4 K§
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