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§1. The de Rham Complex on R"

1. R® k£ de Rham &



de Rham LRAAAHBYREZMSRIIEART &,

XRRBH A R L2 X de Rham LRAHFFHIUANF T, #5448 R* L2 L%
ERA, REERL— 5B EHARGOBE, wAHWEELFT, LRAGKE
S, VABREIER L.

e R" & de Rham _LRA

o X F]RA

o WA



R"™ By de Rham _E[EE

E R R n EERATE, 21, .. o0 2L EREAAE. EATBOMY doy, ..., doy

ZRFINGT A, CiHE:

dr; N\ dx; = 0,
dx; N\ d:lj] = —d:l?j ANdx;, 17 7.

LR == 2
Q* = Spang{1, dz;,dx; A dx;, do; Ndxj Ndxg, ..., dxy A Adan}.
i < 7 i<j<k
CHBEHEE CO+CL+ - 4+ CP=2" FR Q" HhAfHHE
n

Q= P QY,
q=0

£

quSpanR{dazil/\da@iz/\"J\dﬂ:iq|1§i1<7j2<~°<iq§n}.



2 XK E AR
Q*(R") = C®(R") Q 27,
R
QI(R™) = C°°(R") R Q4.
R
T QF 9B A, RAA DA fE
QF(RM) = @ QI(R™).
q—O
Q*(R™) 8 TARA R LR FEHST X, QIR™) 8 TARA LE g 5.
AR, T4 w e QF(R™) HBIH5EA
n
w = Z wg, wq € IR"™),
A wg £ R" L ¢-HX, €TRE—KTH

Wwg = Z fil---iqdwil JANERVAN dmiq = Z frdxy.
11 <---<igq I <---<ig



Bl X w A R" E—=AkE 21X,

w =h1o(x)dr1 N dro + hoy(x)drs A daq
=(h12(z) — ho1(2))dz1 A dxo.

FTA f1o(x) = hio(x) — ho1(x), M HE R i < j, f;;(z) =0. O
3. X
T = Z frdzy € QP(R™), w = Z gjdzry € QIRM).
[iq<-+<ip J:j1<--<Jgq

2 T hH w WM T Aw e QPTYRT) A

T/\w:ZfIngajI/\de: Z thCCK L
I,J Kik1<-<kpyq
AAR%D LA f1 5 gy &RF g O

ANREZ] 2. B T Aw = (—1)Pdw A T. O



. Sy HT
d: QIR™) — QITHRM)
7 LT
(a) # f e QUR") = C®(R"), N
n o

df =3 -

i—=1 9%

dmi.

(b) & w=> frdxy, N

i 1 OTi

G,
dw ="dfy N daxy = Zafldazi/\dxf.
I
&8 1.3. # 7€ QP(RY), N
d(t ANw) =dr Aw + (—=1)P7 A dw. ]

&8 1.4. d°2 = 0. O

ARG 3. JEH LR A A O



B F d? =0, {Q*(R™),d} H—AEH:

QOR™) & ... 4 Qi (R 4 QIR L QITL(RY) L ... L QU(RY).
CHA RY £ de Rham . A L&, 3 g<0 R qg>n Fie QIR") =0.
2 L

ZYR") = {w € QIR™) | dw = 0},
£ TARA 8 (closed) g—H XK. &L
BY(R"™) = {dr | T € QI"H(R™)},
A AR L (exact) ¢—F K. 474,

ZM(R™) = Q™(R"), BY%R") = 0.
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BA d2 =0, B

BY(R"™) C Z9(R"™).

2. R™ 89% q A~ de Rham LFAZ&E =W

Z4(R™)

Hip(R™) = BI(R")

[]

BETET 5 AE U, BFRETH dR Ml HI(R™).

M M X w W ERAEEY [w]. K
[w1] = [wo] € HY(R™)

T ik
dwi = dwpr, =0, H
wi —wo=dr XE/NTE Qq_l(Rn).
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The complex Q*(R") together with the differential operator d is called the de Rham
complex on R". The kernel of d are the closed forms and the image of d, the exact
forms. The de Rham complex may be viewed as a God-given set of differential equations,
whose solutions are the closed forms. For instance, finding a closed 1-form fdx + gdy on
R? is tantamount to solving the differential equation dg/0x — 8f/0y = 0. By Proposition
1.4 the exact forms are automatically closed; these are the trivial or “uninteresting”
solutions. A measure of the size of the space of “interesting’ solutions is the definition

of the de Rham cohomology.
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B3, & R™ a9 % U T =L

Q*(U) = CX(U) QO = @ QIU),
R q=0

A, d,

Z9(U) = {w € QIU) | dw = 0},

BI(U) ={w=dr | 7€ QI ()},

Z(U)

Bi(U)

Hyp(U) =

13



# 1.5. HI(R™).

() n=0. AH4 QORY) =R, A3t ¢ £ 0, QIR =0, FruA
oy _ ) R ¢g=0,
HA(RT) = { 0 q # 0.
(D) n=1. &%, BAH ZORY = {R L&A L% ~R, BORL) =0, Bk
HORY =R.
Hok, HEE w = g(x)dz, &
= [ g(t)dt.
fl@) = [ g(t)t

n df (z) = g(z)dz. A BL(RD) = QI(RD). #E3z Zz1(RD) = QI(RY), &1
7]

HY R = o0.
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(c) U &R Em AZRMGFREHF. N

R™ q=20
q _
HHU) = { 0 q > 0.
(d) —#x¥ A VAT & Poincaré 3|32,
R q =
QMmN —
H(RY) = { 0 g = 0.

CHIERl SR VAJE A ]

%3 1.7. A P,Q A R> v\ E. HH H'(R?> - P —Q) #K&TLRALNYH
75 K. O]
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%

% X A, feCO(X). =L f 8% (support, AT HARLE) HIH
€S

Suppf={z € X | f(z) #Z O}.
X B R 5 AR Y 5 A AT

Co(X)={fecCO%X)|Supp fRE%E}.
X M RAFARM, W M R R X ELF R DIRITH

C®(M) = CO(M) N C®(M).
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QF(R") = C°(R") ® 2,
R
v RY EERR T EWGREN AR, THECHEANMA
n
QER™) = b QUR™),
q=0
g4 QIR™) £ R* LAAH R X E6AF ¢F Xeh a1k,
& we QUR™). T RTH

w= Y,  frdz, HE¥ fre CERY).

i1 <-<igq

[ A Suppg—g_ C Suppfr, HFEEARRGATRERESE, A 3 af[ c CMR"). T

2 dw e QITHRMY). &2, {QX(RM),d} 2—/AEH, 7%6’75 R” LAHEEXE
9 de Rham & #.
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J(R™) #A R 89% q

S

ZI(R™) = {w € QIUR") | dw = 0};
BY(R™) = {dr | 7 € QI L (RM};

Ze(R™)

BA(R")’

NEEE S EHLERA, MRS g NELRFA.

HI(R") =

Z¢(R") = QIR"™) N Z9(R"™);

BI(R™) = BY(R") N QL(R"™)
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%] 1.6. HI(R").

(@) n=0.

fﬁm%={§
(b) n=1.

Hyqu{ﬁ

iE. B4 ZO9(RY) =0, sk HO(RD) = 0.

AT HL(RL), # Bt

q=20

q 7 0.

q:

q7# 1.

/Rl ; Q}:(Rl) — R.

EAREIANRHAFH, BRALAEE f(z) € CPRY) #4F [p1 f(x)dz = 1.
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Z4E ker f[p1 = BX(RY). %if BI(RY) C ker f[p1. # df € BL(RY), M Supp f
ARH, RELET [a,b]. PTVA

/]Rl df — o1 f/(CC)dCU e f(b) _f(a) — O,
BP df € ker [p1.

Bk Kker [p1 C BI(RY). & g(z)dz € QL(RY) B [p19(z)dr =0. 4

@)= [ g@a.

n f(z) € CPRY) B df(z) = g(x)dx.

42 LPTiR, A ES 3

0 — QYR 4 Ql(RD) e o

Z;(RY) _ QIRY)

HY(RY) = — ~
c(R7) Bl(R1) ker [p1
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(c) S¥—/8 n, AUATXTY LFEMA Poincaré 7|32,

S

CHERl VA A ]

R" ¥R E, PSS —ER0SN. LB £H% LRARLERASRT

st R WFFE U, TRAEZLEHYE ERA H(U).

\=4

N —

2.
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M SR

BRI C = @y C! HRH MY AT EEERS d: C — C 1fF
d:Cc?1—citl  42=o0.
2 {C,d} ¥ LRAREETNAE

H(C) = & HY(C),

qQEZ
£ HI(C) % g NLEA:
kerdN C4
HY(C) = .
(€) imdn C4
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2. % {A,dy}, {B,dg} REAH. EXNEAN qcZ, BERS fy: A9 — BYI 1243

fq+10da =dpo fq,

Bp B &
A 24, gt
1 T
B d—B> By11
TRk, WARAANEMZ A a9st f: A — B R4, O

¥ 1 A— B REWS, NAEEEFRS

fi  HY(A) — HY(B), fi(la]) = [fo(a)].
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Z3L. K {A,da}, {B,dg}, {C,dc} REH, f: A— B, g: B— C Z4EEBH4,
H3tHA g € Z, 57
fq 9q
O — Ay — By — Cq — O

A IEAE) . WA A5

R~ B 05E EA R, ]
I BRS04 AT D

041 B%c o
BAETRIAGKELSFT

C s oHIA) 2 gay % meoy 4 peti(a) —s .
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BILEERA 4 HI(C) — HIT1(A) #r L. FR 6z

0 . adt2 Jet2 poto a2 sgt2 g

| | |

0 —s Aqt+1 ﬁ) o+l Jatl ~q+1 g

(3)
Td dT(Q) Td
0 — A1 J4 g % ci — 0

K [c] € HI(C), B c € C1, de = 0. BAH g Ri&HH, PIAKZE b € BT {£15
gq(b) = c. BH go41(db) = dgq(b) =dc =0 H imf 41 =Kerg,41, FIh#
£ oac AT 48 f1q(a) =db. XBA f4o(da) =df,41(a) =d?b =0 H
foro A, Pk da =0, [a] € HITL(A). =X

d*([c]) = [a].

ARG 4. B dF REAFH, BP S5 LiE8 ¢, b, a BZBRAX. O
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Vb

S T o

L] 1.
L] 2.
FhFER] 3.
%3 1.7.

L] 4.

Consider the differential 1-form w = zdy — ydz + dz in R3 with coor-
dinates (z,vy,z). Prove that fw is not closed for any nowhere zero
function f:R3 - R. (2018 FAERAKE 3 &)

. Let {e;};=1,...n be a basis of a vector space V. Denote by {w;};=1..n

the dual basis of {e;};—=1...,. Show that the set

{wiy AvorAw;, |1 <0 <ip <-o- < iy <}

is a basis of A"V*, where r is a positive integer and »r <n. (2017 5F
HERAKRES 4 A)
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