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1 ¸X”Nÿ

ìÍˇ¿!#ƒ%ØK¥òm#©aßù)”%©a⁄”‘©a)"3:8ˇ¿•ß
$Ç|^ò$ƒ:#ˇ¿5üß~X;5!åÍ5!Îœ5)5?n˘òØK",#o*
5`ß±˛:8ˇ¿#Û‰—ê¥'5#©¤ßkÈıw˛'ö~{¸#ú&èÈJ^:
8ˇ¿#Û‰5&'"œdßIá⁄\'˛Oé5Èòm?1ç&(#©a"3ìÍˇ
¿!Écßòm#'˛OéòÑo¥ù6u›˛#ß-¥Póıncaré)Í![œL⁄\”N
+Hi(X)⁄”‘+⇡i(X)˘*#ˇ¿ÿC˛ßlòm•J*—ìÍ&Eß¶*'˛OéU&
Èvk›˛#òÑˇ¿òm?1ß˘´géè“è8U#ìÍˇ¿!C'%ƒ:"%â#
ˇ¿!S•òÑ—ù'˘´â{#òá;.~f))ƒ%+ßß¥”‘+#A~",òá
ö~$á#nÿ“¥”Nnÿß%Ÿ$ÇÚƒkÔƒ”NnÿÅ@è¥ÅÜ*#/())
¸X”Nÿ"

1.1 ¸XE/

{§˛Í![ÇÅk'ƒ#¥ò´&°èı°N£Polyhedron§#ˇ¿òmß3Ÿ˛
u–—%¸X”Nnÿ"o—/`ß˘´òmå±&ò$/<¨0UÏò'#5K©Â
5ßœLròá'*E,#òmÑ*§˘$/<¨0ß$Ç¢S˛?1%òáaqul
—z#ˆä"èdß$Çk⁄\˘$Åƒ%#/<¨0))¸/ßßå±wä¥Ç„!
n!/&o°N#Ì2"òÑ/ß$Ç3RN

= R1
= {(x0, x1, x2...) |xi 2 R, êkkÅ

áxi 6= 0}•'¬¸/"

'''¬¬¬1.1.1 (A¤’·). 3RN•ßp+1á:a0, a1, ..., ap°è¥A¤’·#ßXJa1�a0, a2�
a0, ..., ap � a0¥Ç5"'#"

Ü*˛ß¸áA¤’·#:˚'ò^Ç„ßnáA¤’·#:˚'òá)°ß±da
Ìßp+ 1áA¤’·#:˚'òápë#ï"fòm"

'''¬¬¬1.1.2 (¸/). "a0, a1, ..., ap¥RN•p+ 1áA¤’·#:ßK

�
p
= (a0, a1, ..., ap) =

nXp

i=0
�iai 2 RN

���
Xp

i=0
�i = 1,�i � 0

o

°èpë¸/"

555PPP1.1.1. 1. ¸/(a0, a1, ..., ap)¢S˛¥p+ 1á:a0, a1, ..., ap#‡ù£convex hull§"

2. Èu{i0, i1, ..., iq} ✓ {0, 1, ..., p}ßai0 , ai1 , ..., aiqè¥A¤’·#ßœd

⌧
q
=
�
ai0 , ai1 , ..., aiq

�

¥që¸/ß°è�
p#që°ßPä⌧

q � �
p!⌧

q ✓ �
p"AO/ßXJq < pßK

°⌧
q¥që˝°"

3. Èu?ø#x =
P

p

i=0 �i(x)ai 2 �
pßN¥y"�i(x)¥'ux#ÎYºÍß°èx#ãI

ºÍ"

e„'¬È¸/#/©,ê™0ä—%5'ß()*3#òm‰k*–#5üµ
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'''¬¬¬1.1.3 (¸XE/). "K¥RN•eZ¸/#8‹ßXJµ

1. � 2 K ) 8⌧ � �, ⌧ 2 K,

2. 8�1, �2 2 K, �1 \ �2!ˆ¥ò8ß!ˆ¥�1⁄�2#˙'°"

K°K¥¸XE/ß{°E/"dimK = max
�2K

{dim �} °èE/#ëÍ"

555PPP1.1.2. 1. eK¥kÅ8ßK°èkÅE/"kÅE/w,¥kÅë#ß&áÉô
7"

2. XJL ✓ KßøÖL%%è¥E/ßK°L¥K#fE/"

~~~1.1.1. 1. "�p = (a0, a1, ..., ap)¥òáPë¸/ßKN¥&y

K�p = Cl�p
�
= {⌧ |⌧ � �

p} ,

Bd�p
�
= {⌧ |⌧ � �

p
, ⌧ 6= �

p}
—¥E/ß©O°è�p#4ùE/⁄>%E/ßA¤˛w¥ÈÜ*#"

2. "K¥òáE/ßK

K
(p) �

= {� 2 K| dim �  p}
è¥E/ßl#¥K#fE/ß°èK#pë*e"

±˛'¬#E//™˛ê¥òá¸/#8‹ß$Çárß=zèˇ¿òmßcŸ¥I
á'¬òáˇ¿"

'''¬¬¬1.1.4 (E/#äëı°N). "K¥RN•#E/ß

|K| �
=

[

�2K

�

°èK#äëı°N!K#A¤¢y"Ÿ˛#ˇ¿)¬Xeµ

A ✓ |K|è4f8def,8� 2 K,A \ � ✓ �¥�#4f8"
˘p¸/�¥,ákÅëÓºòm#fòmßŸ˛#ˇ¿'èÓ™ˇ¿"

555PPP1.1.3. 1. ÈuK¥kÅëE/£ô7¥kÅE/§#ú#ßo¥%3n 2 Nß¶
*|K| ✓ Rn"g,¨Ø˛°)¬#ˇ¿£±#PèT|K|§⁄Ó™ˇ¿#Åõˇ¿
£=TE||K|ß±#{PèTE§¥ƒòó"XJKkÅE/ßN¥&yâY¥í)

#%XJKÿ¥kÅ#ßK%ˆô7òó"%ƒµ

K =

⇢
1

m+ 1
,
1

m

��1

m=1

[
⇢

1

m

�1

m=1

[ {0}

¥Ñß|K|äè8‹“¥4´m[0, 1]"ß¥òáòëE/ßè¥"ÅE/""µ

A =

⇢
1

m

�1

m=1

✓ |K|

KA3ˇ¿T|K|e¥48ßœèß⁄zòá¸/#"!ˆ¥ò8ß!ˆ¥l—:8%
&Aw,ÿ¥TEe#48"
òÑ/ßÿJy"TE ✓ T|K|ß=E/˛#ˇ¿'Ó™ˇ¿á["
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2. ÈuK¥"ÅëE/#ú#ßèkaq#(ÿß&dûIák)¬"°ëòmRN˛
#/Ó™ˇ¿0ß˘pl—"

3. "L ✓ K¥fE/ßK|L|¥|K|#4f8"

Proof. *A ✓ |L|¥48"du8� 2 K, � \ A =
S
⌧2L

⌧ \ � \ A =
S

⌧2L,⌧��

⌧ \ A,

#A \ ⌧¥⌧#48ß?#¥�#48ßøÖ˘*#⌧êkñıkÅá"
§±� \ A¥�#48"UE/ˇ¿#'¬ßA3|K|•¥48"
AO/ß*A = |L|=*(ÿ"

duE/#ˇ¿T|K|øÿoÜÓ™ˇ¿òóßœdòm
�
|K| ,T|K|

�
#:8ˇ¿5üø

ÿò8%,"~Xß÷ˆå±¡Xy!òm#©l5üß=+y
�
|K| ,T|K|

�
¥T4òm"

–!ˆòÑS.lˇ¿&ˆA¤#!›5n)¸XE/ß-¢S˛E/Ñå±wä¥
òáAœ#†S8(K,�)ßŸ•� � ⌧g,/'¬è°#ù''X"ç?ò⁄ßE/',å
±¯lA¤Ü*#*3ß=§¢/ƒñ¸XE/0"˘øõX$Çå±X{l|‹#!›
5ÔƒE/ß|^|‹E|'y!ò$ˇ¿#(ÿ"du'uƒñ¸XE/#{¸?ÿë
'?1ß˘pk0-òáƒ%Vgµ

'''¬¬¬1.1.5 (n!ø©). ˇ¿òmX°èån$ø©#ßXJ%3E/Kß¶*X ⇡ |K|"
dû°E/K¥X#òán$ø©"

ån!ø©#òm‰k˚–#ˇ¿5üßg,áØ=$òm¥ån!ø©#ß˘¥ò
á0;#ˇ¿!ØK"1930sßCarinsy!%?¤1w6/—ån!ø©"ÈuòÑ#6
/ß$ÇÆ0-51, 2, 3ë6/ån!ø©ß-*3ÿån!ø©#4ë6/ß#çpë#
ú&K¥mòØK"ån!ø©#6/å±o—/n)èë%|‹(0#6/ßØ¢˛(
¢k/|‹6/0˘áÍ!%cß-¥Ÿ'¬çèE,"˘pIá`!#¥ß1w6/
⁄òÑ#6/£ˇ¿6/§øÿ¥ò£Øßòáˇ¿6/˛åU*3ı´á©(0ß'
XMilnoruy#7ë%•%#k$ˇ¿6/˛KåUÿ*3á©(0"

'''¬¬¬1.1.6 (ƒñ¸XE/). "S¥òá8‹ßŸò8£=S#f8*N+§#8‹§P
ä2

S""K ✓ 2
SßXJa 2 K ) 8b ✓ a, b 2 KßK°K ¥ƒñ¸XE/ßb °èa#òá

°"

555PPP1.1.4. 1. XJ8x 2 S, {x} 2 KßK°K¥S˛#ƒñE/"

2. Èu� 2 K, dim(�) = |�|� 1, dim(K) = max
�2K

{dim �}"

3. ; 2 Kß°è�1ë¸/"

XJK¥Éc§`#¸XE/ß-S = K
(0)è6:8ßK

KK

�
=
��

ai0 , ai1 , ..., aip

 
✓ K

(0)|
�
ai0 , ai1 , ..., aip

�
2 K

 

èŸp7#ƒñ¸XE/"áL5ßâ'òáƒñ¸XE/ß¥ƒå±*3ÈA#¸XE
/Q&
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'''¬¬¬1.1.7 (ƒñ¸XE/#A¤¢y). "S¥òá8‹ßK¥S˛#ƒñ¸XE/ßK¥¸
XE/"XJ%3V*f : S ! K

(0)ß¶*µ
�
si0 , si1 , ..., sip

 
2 K ,

�
si0 , si1 , ..., sip

�
2 K,

K°K¥K#A¤¢y"
555PPP1.1.5. å±y"ßòáƒñE/#§kA¤¢y#äëı°NÉm—¥£©„Ç5§
”$#"

'''nnn1.1.1. ?¤në#£kÅ§ƒñ¸XE/K—3R2n+1•%3A¤¢y"

Proof. PK(0)
= {{s0} , {s1} , ..., {sN}}ß

ÈAu±˛N + 1á,ÉßIáT8/S¸ßÇ3R2n+1•#†ò£=ßÇÈA#A¤E/
#6:§ß¶Ÿ‹§#¸/Ém˜vE/#É1^á"
'ƒ§¢ÃÇ"Ç' : R ! R2n+1

: �(t) = (t, t
2
, t

3
, ..., t

2n+1
) .

-K
(0)

= {ai = '(i)|i = 1, 2, ..., N}¥áÈ#E/#6:ß
*ai0 , ai1 , ..., ai2n+1 2 K

(0) ✓ R2n+1 •?ø2n + 2á:ß$ÇÚy!ßÇ¥A¤’·#"
£XJ2n+ 2 > N + 1ßK^⁄e°aq#ê{å±Ü,y˘N + 1á:¥A¤’·#"
Ø¢˛ßdâ9Ñ1#™µ

det
�
ai1 � ai0 , ai2 � ai0 ..., ai2n+1 � ai0

�
=

�������

i1 � i0 . . . i2n+1 � i0
...

. . .
...

i
2n+1
1 � i

2n+1
0 · · · i

2n+1
2n+1 � i

2n+1
0

�������

=

���������

1 1 · · · 1

i0 i1 · · · i2n+1
...

...
. . .

...

i
2n+1
0 i

2n+1
1 · · · i

2n+1
2n+1

���������

=

Y

0k<l2n+1

(ik � il) 6= 0

œd˘2n+ 2á:A¤’·"
0EA¤¢yE/KXeµ
K

(0)X˛§„ß �
ai0 , ai1 , ..., aip

�
2 K

def,
�
si0 , si1 , ..., sip

 
2 K.

$Ç+yK˜vE/#¸á^áµ

1. w,"

2. *�
p
, ⌧

q 2 Kkrá˙36:ßK�
pÜ⌧

qò3kp+ q � r + 2  2n+ 2áÿ”#6:"
d˛°#y!ß˘$6:¥A¤’·#ßœdßÇå±‹§R2n+1•òáp+q�r+1ë
¸/⌧ß¶*�

p � ⌧, �
q � ⌧"

œd�
p \ �

qè;&ßÇ#˙3°"

ÌÌÌÿÿÿ1.1.1. nëE/K#äëı°Nå±i\R2n+1ß=|K| ,! R2n+1"

555PPP1.1.6. ˛„ëÍ¥ÅZ#ß=òÑvk|K| ,! R2n"

~Xß
���K(n)

�2n+2

���ÿUi\R2n"n = 1ûß“¥Xe#5,:&*„ßßÿå%°z"

6


