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1òŸ Riemann ›˛

§1.1 ⁄Û

l{§˛5˘ßRiemann A¤¥ R3 •"°ÿ$g,Ì2ßŸ#ßR3 •$"

°ÿ¥d Gauss u1827cÔ·Â5$ßŸ• Gauss %¬%"°$"«— !°Éè

Gauss "«ßßù6u"°$1òƒ"/™⁄1"ƒ"/™ßGauss $ïå$z3

u!´ Gauss "«=Ü1òƒ"/™k'ß̆ ¥ Riemann A¤$—u:ß±9u

y"°˛$ˇ/n#/$S#⁄Ü ⇡ áÉ# Gauss"« K 3Tˇ/n#/´çD

˛$»©µ

↵1 + ↵2 + ↵3 = ⇡ +

ZZ

D

Kd�.

˘%uy&XX%å$ÌÿßøÜÓAp($1 #1˙nóÉÉ'ß,%duv

kv'$Í'Û‰£'Ö¥á©6/$Vg§ßGauss vk˙muL¶$˘òuyß

¢S˛öÓA¤$—yAT¥d Lobachevski (1829)⁄ Bolyai (1831)’·%§$"

¶+vkv'$á©6/$VgßRiemann 31854c2g$^ Gauss $géß

⁄\8U&Ç°Éè n ëá©6/$¿‹ßø3zò:?ç%òáƒ""g.£1

òƒ"/™§ß,!r Gauss "«u–+Tú/— '°"«"l'÷ Riemann $

©zå#ß¶$ƒ$5guòáƒ"ØK—u–öÓA¤nÿß%)‘nÜA¤$

'X"

Riemann 1854c3x…äå'J)˘ì“Ö¸`$ÿ©5ÿA¤'$b*6ß

ÿ%Û'&„É,ß&©êkòáÍ'˙™µ

ds
2
=

(dx
1
)
2
+ · · ·+ (dx

n
)
2

�
1 +

K
4 ((x

1)2 + · · ·+ (xn)2)
�2 ,

Ÿ• K è~Íß¶‰Û ds
2 $"«/u K"0 K = 0 ûß̆ ¥ Rn ˛IO$›˛%

0 K > 0 ûß̆ ¥ Sn 3•4›Ke$IO›˛%0 K < 0 ûß̆ “¥ñ•°£V

"§›˛%"

,%Ü+1913cßdu H. Weyl $Ûäß-^u Riemann A¤u–$á©6

/$%¬‚+(/J—"du"yÛ‰ß@œ Riemann A¤$u–¥Ö˙$ß%á

$e-ò¥*u1916 c2¬ÉÈÿ$Iáß"¥du1917c Levi-Civita #1£ƒ
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6 1òŸ Riemann ›˛

$⁄\"&Ç$8Iÿ¥%*/0. Riemann A¤ß%¥JlŸ+©;,⁄J¯

ãl$+ƒÂ"

&ÇÚl⁄\›˛m©ß±!$‹©•ßá©6/o¥b%¥òá Hausdor↵ò

mø‰kåÍƒ£l%)y3M ˛k¸†©)ú§%1w'åáo¥ç¥ C
1 $ßn-

ë6/ M $ëÍkûè¨¤)ÿJ"

§1.2 Rieamnn ›˛

2.1 %¬ á©6/ M ˛$òá Riemann› £̨'ˆ°è Riemann(+§¥

òáç%£correspondence§ßß3 M $zò: p ?ç%ŸÉòm TpM ˛$òá

S» h·, ·ip£òáÈ°!VÇ59,%$"g/™§ßøÖ±e„ø¬1wCzßX
J x : U ⇢ Rn ! M ¥ p :NC$¤‹ãIXßÖ x(x

1
, · · · , xn

) = q 2 x(U) 9

@
@xi (q) = dxq(0, · · · , 0, 1, 0, · · · , 0)ßK h @

@xi (q),
@

@xj (q)i = gij(x
1
, · · · , xn

)¥ U ˛$1

wºÍ"

w,ß(gij(x)) ¥òá n⇥ n $È°,%›-— ¿è x(U) ˛' M ˛$ (0, 2)

.È°£,%§‹˛"dá©6/$ C
1 5üß̆ ò%¬•$1w5ÿù6uãI

$¿+ßÈu?¤òÈï˛| X, Y 2 �(M)ßK hX, Y i¥1w$"3ÿñu*†$
ú$eß&Ç¨)KS» h·, ·ip $eI pß(gij) ¥ Riemann ›˛$¤‹L´/™"

‰kâ% Riemann›˛$á©6/°Éè Riemann6/%3?ò⁄?ÿÉcß

&ÇƒkátòŸ¸á Riemann 6/¤û¥òó$"

2.2 %¬ * M,N ¥¸á Riemann 6/ßá©”% f : M ! N£= f ¥ë

kåá_$á©V!§°è¥òá/Â£isometric§ßXJ

hu, vip = hdfp(u), dfp(v)if(p), 8p 2 M, 8u, v 2 TpM. (1.1)

2.3 %¬ * M,N ¥¸á Riemann 6/ßåáNÏ f : M ! N °è3 p :

?¥¤‹/Â$ßXJ(3 p $òá"ç U ⇢ M ¶3 f : U ! f(U) ¥á©”%

Ö˜v (1.1)"

œ~&Ç` M ¤‹/Âu N ßXJÈuzò: p (3 p 3 M •$òá"

ç U ⇢ M 9òá¤‹/Â f : U ! f(U)"



§1.2 Rieamnn ›˛ 7

¸áRiemann 6/ M,N °Éèòó$ßXJ(3òá*N$á©”%$

/ÂNÏ f : M ! N%̧ á¤‹/Â$ Riemann 6/ô7¥*N/Â$"

e°¥ Riemann 6/Vge$ò%%á$ö#Ö$~f"

2.4 ~f Å#Ö$~f¥M = Rnßør @
@xi Ü Rn•$ï˛ (0, · · · , 1, · · · , 0)

/”ß›˛â%è hei, eji = �ij"˘+$ Rn °è n ëÓºòmß˘+òm˛$

Riemann A¤“¥ÓºA¤"

2.5 ~f E\6/ * f : M
n ! N

n+k ¥E\ß= f ¥åá$Ö dfp :

TpM ! Tf(p)N ÈuòÉ p 2 M ¥¸!"XJ N ‰k Riemann (+£=òáâ%

$ Riemann ›˛§ß@o f U'p4 M ˛$Xe$òá Riemann (+µ

hu, vip = hdfp(u), dfp(v)if(p), 8p 2 M, 8u, v 2 TpM.

£œ f ¥¸!ßh·, ·ip ¥,%$£ƒKkö#Ö$"òmßÜ¸!gÒ§ß%¬2.1$

Ÿ{‹©£=1w5§N¥.y§M ˛$˘á›˛°Éèd f §p4$›˛ß̆ ¥

° f è/ÂE\"

òá%á$ú/¥ÈuòáåáNÏ h : M
nk ! N

k øÖ q 2 N ¥ h $,K

£regular§äû£= dhp : TpM ! Tf(p)N Èu§k$ p 2 h
�1
(q) ¥˜!§ß&Ç#

6 h
�1
(q) ⇢ M ¥ M $ëÍè n$f6/ßœd&ÇUœL inclusion3+ h

�1
(q)

˛$ Riemann ›˛"

~Xß* h : Rn ! R d h(x
1
, · · · , xn

) =
Pn

i=1(x
i
)
2 � 1 â—ßK 0 2 R ¥ h $

,KäÖ h
�1
(0) = {x 2 Rn |

Pn
i=1(x

i
)
2
= 1} = Sn�1

(1) ¥ Rn •$¸†•°ßRn

§p4$ Sn�1 ˛$›˛°èŸ;K£canonical§›˛"

2.6 ~f Lie + ‰ká©(+$òá Lie + G ¥¶3NÏ (x, y) !
xy

�1
, 8x, y 2 G ¥åá$"dd3+Ü#£ Lx ⁄m#£ Rx ¥ G $á©”%ßŸ

• Lx(y) = xy, 8y 2 G; Rx(y) = yx"G ˛$òá Riemann ›˛°ÉèÜÿC$ß

XJ hu, viy = h(d(Lx))yu, (d(Lx)yviLx(y) ÈuòÉ x, y 2 G §·ßŸ• u, v 2 TyGß

= Lx ¥òá/ÂNÏ%aq/kmÿC$ Riemann ›˛"G ˛$òá Riemann

›˛Q¥ÜÿC$q¥mÿC$ß°ÉèVÿC$£bi-invariant§"”+&Çå±%

¬ G ˛$ÜÿC$ï˛| XßÜÿCï˛|$&NÜ G $ Lie ìÍ G /”ßç[
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$[!&Çÿ2?ÿ"3;ó$ Lie +˛o(3VÿC$ Riemann ›˛ßñ4È

uå¸$ Lie +¥˘+"

2.7 ~f ¶»›˛ * M1,M2 ¥¸á Riemann 6/ß&Ç%ƒ(k*¶»

M1 ⇥M2ß- ⇡i : M1 ⇥M2 ! Mi, i = 1, 2 ¥g,›KßøXe3 M1 ⇥M2 ˛⁄\

òá Riemann ›˛µ

hu, vi(p,q) = hd⇡1(u), d⇡1(v)ip+hd⇡2(u), d⇡2(v)iq, (p, q) 2 M1⇥M2, u, v 2 T(p,q)M1⇥M2.

N¥.y˘¥¶»6/¥$ Riemann›˛"~XÇ S
1⇥ · · ·⇥S

1
= T

n kòá¶»

$ Riemann ›˛ßŸ• S
‘ ¥#°˛$0±ßëklÓº#°˛§p4$›˛ßë

k˘ò¶»›˛$ T
n °Éè#"Ç°"

&Çá°,N+dòá Riemann ›˛5Oé"Ç$+›"

2.8 %¬ åáNÏ c : I ! M ¥l R ˛$òá´m I ⇢ R +á©6/ M

$òáNÏß°Éè£M ˛$§"Ç'ˆÎÍz$"Ç"

5ø+ßò^ÎÍz$"Çå±g)øÖèå±kk#"

2.9 %¬ ˜ò^"Ç c : I ! M $ï˛| V ¥òáNÏßßr t 2 I N+ò

áï˛ V (t) 2 Tc(t)M"&Ç` V (t) ¥åá$ß¥çÈu M ˛záåá$ºÍ fß

ºÍ t ! V (t)f 3 I ˛åá"

ï˛| dc
�

d
dt

�
L´è dc

dtß°Éè c $Ñ›‘ˆ|'ˆÉï˛|ß5ø+˜

"Ç c $òáï˛|ô7å±Úˇ+ M $òám8É˛"r"Ç c Åõ3´m

[a, b] ⇢ I ˛°ÉèÇ„ßX M ¥ Riemann 6/ß&Ç%¬Ç„$+›è

l(c) = l
b
a(c) =

Z b

a

hdc
dt
,
dc

dt
i 1
2dt.

y3&Ç5y(á©6/˛ Riemann ›˛$(35%n"

2.10 !K ?¤á©6/£Hausdor↵ + åÍ£ˇ¿§ƒ§˛o(3£ò

á§Riemann ›˛"

y" * {f↵} ¥ M ˛l·u M $òáãI"çmCX {V↵} $£åá§
¸†©)ß˘øõX {V↵} ¥¤‹kÅ$£= M $?¤ò:kòá"ç U ¶3

U \ V↵ 6= ; ñıêkkÅıá ↵ §·§øÖ {f↵} ¥ M ˛$ºÍ˜vµ

1§f↵ � 0ßf↵ = 0 348 V ↵ ${8˛§·%
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2§
P

↵ f↵(p) = 1 ÈuòÉ p 2 M §·"

w,&ÇU'3záãI"ç V↵ ˛(%òá Riemann ›˛ h·, ·i↵ßXd¤‹
ãIX§,)$Óº›˛ß@o&Ç-

hu, vip =
X

↵

f↵hu, vi↵, 8p 2 M, u, v 2 TpM.

åÜ6.y˘+§+E$(¢¥ M ˛$òá Riemann › £̨=.yÈ°5ßVÇ

55⁄,%5§" y.

3(Â"ŸÉcß&Ç5L(X¤dòá Riemann ›˛5â—å%ï6/ M

˛N»$Vg"Xœ~@+ß&ÇIáò:˝0Ø¢"* p 2 Mßx : U ⇢ Rn ! M

¥ p NC$òáÎÍz$ãIXßøÖè¥,%ï$ÎÍz"%ƒ TpM $,%

ï$¸†,)ƒ {e1, · · · , en}ßøP Xi(p) =
@
@xi (p)ß3ƒ {e1, · · · , en} eL´è

Xi(p) =
P

i,j aijejß@o

gik(p) = hXi, Xki(p) =
X

j,l

aijaklhej, eli =
X

j

aijakj.

dudï˛X1(p), · · · , Xn(p)3 TpM •‹§$#1ı°N$N» V ol(X1(p), · · · , Xn(p))

/u V ol(e1, · · · , en) = 1 ¶˛›- (aij) $1-™ß&Ç3+

V ol(X1(p), · · · , Xn(p)) = det(aij) =

q
det(gij(p)).

XJ y : V ⇢ Rn ! M ¥ p $,òáÎÍzãIXßÖ Yi(p) =
@
@yi (p) 9

hik(p) = hYi, Yki(p)ß&Çk
q
det(gij(p)) = V ol(X1(p), · · · , Xn(p)) = JV ol(Y1(p), · · · ,n (p))

= J

q
det(hij(p)), (1.2)

Ÿ• J = det

⇣
@xi

@yj

⌘
¥ãICÜ$ Jacobi ›-$1-™"

y3Èu M •$´ç R ⇢ M£m$Îœf8§ßÖŸ4ù¥;ó$"&Ç

ÿîb% R ù/3òáãI"çÉ•ß̆ p x : U ⇢ Rn ! M ¥,%ï$ãIX

Ö x
�1
(U)$>.3 Rn •¥"ˇ8£5ø Rn •"ˇ83á©”%eÿC§&Çr

R $N»%¬è

V ol(R) =

Z

x�1(R)

q
det(gij(p))dx

1 · · · dxn
. (1.3)
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&Ç‰Û (1.3) ¥ well definedßØ¢˛ßX R ù/3,òá,%ï$ãIX

y : V ⇢ Rn ! M É•ß&Çdı%»©$CÜ˙™3+
Z

x�1(R)

q
det(gij(p))dx

1 · · · dxn
=

Z

y�1(R)

q
det(hij(p))dy

1 · · · dyn = V ol(R),

L( (1.3) $%¬ÿù6uãI$¿+"

2.11 5) Ÿ#á©/™$÷ˆ¨5ø+êß (1.2) %/X (1.3) •$Là™

¥òá,$ degree è n $á©/™
p

det(gij(p))dx
1 ^ · · · ^ dx

nß&Ç°Éè M

$N»5 dvßè%%¬òáÿ·3òáãI"ç$;ó´ç R $N»ßk7á%

ƒl·u R $kÅCX$ãI"ç x(Ui) $¸†©) {'i}ßø+

V ol(R) =

X

i

Z

x�1(R)

'idv.

å±Ü6.yT%¬ÿù6uãI⁄¸†©)$¿+"

2.12 5) w,òá*N%¬$ degree è n $,$á©/™$(354ó

6/“N»”$VgßRiemann ›˛ê¥Ÿ•å¿$ò´ê™ßß3+N»$Vg"


